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I. The Work of the Committee. 

The earliest work of the committee was the preparation of a 
list of topics to be recommended for omission from first-year 
high-school algebra. The list was endorsed by vote of the Asso- 
ciation at the December, 1916, meeting, and received the general 
assent of those responding to our questionnaire. It is printed 

61 



62 THE MAI HEMATICS TEACHER. 

again here with the hope that it may accomplish good even in 
places where the constractive program of the committee may not 
be approved. The list points the way to a desirable simplifica- 
tion of first-year algebra, time being gained for thorough work 
on really essential topics, and for the somewhat broader founda- 
tion in mathematics. 

With this list as a starting point, the committee prepared a 
fairly comprehensive questionnaire, which was mailed to all the 
members of the Association and to several authors of text-books. 
The committee wishes again to express its grateful appreciation 
of the many painstaking replies. A report concerning them was 
made at the spring meeting in 1917. Since that time the com- 
mittee has been at work on a syllabus, and mention of progress 
has been made at each meeting. At various times Mr. Belcher, 
Mr. Strader, Superintendent Stevens, and Mr. Lord has ad- 
dressed the Association, in each case reflecting upon some phase 
of the committee's problem. 

Although we were appointed only to consider the first-year of 
the four-year non-technical high school, the general argument of 
our report as well as many of the details of the syllabus should 
be of help to those who are planning courses or who are teacTiing 
in technical or in junior high schools. It is true that a bit of 
algebra — the easiest equations and formulas, with some graph 
work — should be used somewhere in every seventh and eighth 
grade course in arithmetic. The systematic study of algebra 
must be taken up, however, at some point in the eighth or ninth 
year, and may then, in whatever type of school, be based largely 
upon our plan. 

It should be stated that the recommendations of our report 
would be much more radical than they are if we felt that the 
average high school were ready for them. With our report 
available as a basis for teaching and for discussion, greater 
strides ahead will be made after a few years by a future com- 
mittee. 

II. Suggested Omissions from First- Year Mathematics. 

(See note.) 
I. Parentheses more complicated than one within the other. 
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2. Multiplication and division of polynomials having literal ex- 

ponents or fractional coefficients. Use of de'tached coef- 
ficients. 

3. Long division with divisors other than binomials. 

4. Special rule for squares of polynomials. 

5. Cases in factoring : 

(a) sum or difference of two cubes. 

(b) sum or difference of any two like powers, except the 

difference of two squares, 
(c ) trinomials such as x* + x'^y" + y*. 
(d) "factoring" which leads to irrational or imaginary 

factors. 

6. Hignest common factor and lowest common multiple as 

separate topics (the latter is unnecessary if pupils are 
drilled on changing to 1. c. d.). 

7. Change of signs in binomial denominators of fractions to be 

added. 

8. Complex fractions. 

9. All special tricks or devices such as those in fractional equa- 

tions. 

10. Transformation of proportions by " alternation," etc. 

11. In simultaneous equation, the method of eliminating by 

comparison and the solution of examples with more than 
three unknowns. 

12. Involution. 

13. Square root of polynomials having fractional coefficients. 
Square root of a binomial surd. 

14. Radicals of order higher than the second. Rationalization 

of binomial denominators. Radical equations. 

15. Theory of exponents, except sufficient work with monomials 

to make clear the meaning of fractional and negative 
exponents. 
x6. In quadratic equations the " Hindu " method of completing 
the square. 

17. Imaginary numbers, except for brief mention when encoun- 

tered in the quadratic formula. 

18. Equations in quadratic form. Simultaneous quadratics, ex- 

cept when one equation is linear and the example can 
easily be solved by substitution. 
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19. Theory of quadratics. 

Note: Under the present college entrance requirements most 
of the topics listed above would find their place in the inter- 
mediate algebra course, a summary of which forms the conclud- 
ing page of this report. 

III. Simplification. 

As a cursory examination of the foregoing list serves to show, 
a fundamental consideration has been that first-year work 
should not comprise the intensive study and mastery of half of 
the topics of algebra {e. g., Algebra Ai of the College En- 
trance Examination Board), but should be an elementary study 
of a wider range of topics. The great need of simple and care- 
fully graded subject matter strongly impresses most high-school 
mathematics teachers to-day, whether they consider the ex- 
tremely youthful and untrained persons who compose their 
classes on the one hand, or the complexities and intricacies of 
the average textbook on the other. 

Mr. Lord has carefully listed for the committee the new prin- 
ciples met with in the most widely used first-year algebra text: 
as finds the surprising total of ninety-seven, too long a list to 
be given here. One hardly realizes until face to face with such 
a list the extraordinary number of things a pupil has to get and 
keep in mind, and in view of this the great importance of not 
having too many elements in a problem. It is also true that not 
only are there many steps in the processes which might be added 
to his list but the pupil usually has to arrange the steps in an 
absolutely definite sequence. He must perform each step accu- 
rately or he will be lost in complications and will conclude that 
he does not know how to solve the problem. He has not had 
the experierice to know where to dig out a mistake. 

Although a list made out from our syllabus as nearly as pos- 
sible on the same basis contains 78 principles instead of 97, the 
numbers are not a true index of comparative simphcity, because 
examples in the book are in most of the chapters more involved 
than those recommended by us. 

A search through textbooks of college mathematics shows that 
the average problem does not contain as many or as difficult 
manipulations as are often demanded in high-school texts. The 
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most frequent process appears to be substitution in formula, and 
after the substitution is made the subsequent manipulation is not 
usually very involved. Increased ability in these mechanical 
operations will come automatically with the mental growth and 
mathematical experience of the pupil. 

IV. Fundamental Plan. 
The time often spent in the first year on these difficult manipu- 
lations, and on the topics now suggested for omission, could well 
be used for incidental excursions into neighboring fields of arith- 
metic and geometry, and for practice on such fundamentals as 
substitution of numbers (positive, negative, and fractional), the 
order of operations, graphs, checks, and mental drill on easy 
fractions and equations. Here should be mentioned, too, the 
translation of verbal statements into equations or formulas and 
vice versa, for if there is one thing our beginners lack it is the 
ability to read and plan intelligently. 

V. Correlations. 

A strong argument for planning a broader foundation for 
mathematics and for living than the traditional algebra alone is 
that we are not teaching applicants for college but fourteen-year- 
old boys and girls, half of whom will never graduate from 
school. Is it fitting not to afford them a glimpse now and then 
of the many-sided domain of mathematics, and some realization 
of the sweep and power of its laws and its language? 

In the arithmetic which stands out frequently in this syllabus 
there is a three-fold purpose : 

1. To keep alive a feeling of acquaintance with the arithmetic 
of the lower grades. 

2. To make clear by the algebraic formula or equation many 
of the processes or problems of arithmetic, and 

3. To gain impetus for the operations of algebra by showing 
their close analogy with those of arithmetic. 

The topic from geometry in the first place afford the best 
available applications of formulas, whether as numerical substi- 
tution exercises, as literal equations, or as concise symbolic ex- 
pressions of verbal rules. After paper-cutting and folding, 
measuring, or developmental questions have led to a new rule 
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the pupils should be asked each time to translate the rule into a 
formula. In the second place without the introduction of illus- 
trations from scale-drawing and geometry our study of the 
important subject of ratio and proportion often fails to get any- 
where, unless valuable time is taken to teach a bit of science or 
mechanics. 

This chain of correlated ideas links up with the arithmetic of 
the grades and with the geometry of the following year. It is 
not to be forgotten that mathematics affords within itself rich 
territory for profitable correlations and cross-references. 

VI. Textbook. 

The supplementary work outside the usual textbook may 
sometimes prove so suggestive of additional illustrations and of 
class-room discussions that a word of caution may be in order. 
It is a commonplace that as teachers we should not permit our- 
selves to be enslaved by a text. At the same time any text pre- 
sents a body of matter arranged with more or less skill by the 
author, and we must caution ourselves not to depart from the 
text without having carefully organized our material and our 
lesson-plans. Unless we can teach with confident mastery and 
unless we can avoid frittering away over-much time in the mere 
dictation of home-work problems it is necessary to follow a text 
closely. Otherwise pupils and teacher alike may become con- 
fused, and the satisfaction that comes from definite progress 
and accomplishment will be lacking. 

VII. Teaching. 

Particularly since the main field of interest lies in his own 
subject, the teacher of mathematics must make great effort to 
come to a complete understanding of his pupils. We must both 
foster and sustain their interest. It is happily true that most 
pupils like their algebra, and like to " do " examples, if they can 
secure results which they can check or can feel to be correct. 
How important it is then, to plan reasonable exercises for them 
and not invent stumbling blocks to put in their way ! How im- 
portant, also, to guide pupils sympathetically in correct habits 
of study, and to assign lessons intelligently ! Conversation with 
a class about the difficulties they will encounter and suggestive 
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questions with and without spoken replies will supplement a 
preparatory rapid-fire oral review, a snappy quiz with brief 
written answers, or thoughtful perspective questioning. A well- 
assigned lesson is a lesson half won. 

VIII. The Bright Pupil. 

One is reminded that many of our pupils will be ready for the 
next forward step in half the time needed by others. The prob- 
lem of the bright and the slow pupil is ever pressing in algebra, 
a subject needing such a great amount of detailed drills and 
reviews. The core of our first year's work is skill in the simpler 
algebraic processes, the " tool " operations, and in this mechan- 
ical work all pupils must attain efficiency. The time gained by 
the rapid pupils may best be used neither to prolong the drill 
work unnecessarily nor to advance to new topics ahead of the 
class but for intensive challenging exercises with each operation, 
and for additional problems of application or interpretation 
based on the operations already learned. No matter how neces- 
sary it may be to arrange simple and easily digested material for 
the class as whole the more capable ones require something to 
" chew on." The occasional propounding of extra credit prob- 
lems goes far to meet this need and is reported as helpful by 
many teachers. With a certain essential minimum of formal 
skill, in which phase of the work the pupils of a class may ad- 
vance together no pains should be spared to give the abler ones 
every possible opportunity and encouragement for work in 
thought problems, and in supplementary applications sometimes 
of a rather unconventional type. In short let us make sure that 
our strongest pupils are kept on their mettle to think. 

IX. Syllabus of First-year Mathematics. 
I. Formulas. and Numerical Substitution. 

(a) A letter representing a number. Meaning of square and 

cube of a number illustrated by area of square and vol- 
ume of cube. Pupil may tabulate a list of squares and 
cubes. 

(b) Meaning of aft. Area and perimeter of rectangle. Circum- 

ference and area of circle. Compasses : the construction 
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of a circle with a given radius and given center. Volume 
of a sphere, F=%irZ>*. 
(c) Translation of rules into formulas. Evaluations of alge- 
braic expressions. Order of operations. Miscellaneous 

rht 

formulas including perhaps board measure B^ — , fall- 
ing body s = y2gt^ and s = vt-\-y2gt^, and H. P. of auto- 

... ND' 

mobile = . 

2.5 
Note i: The Commutative Law (ab = ba, a-\-b = b -\-a) and 
the Association Law (a -\-(b + c)=(a + b)-{- c, a(bc)=(ab)c) 
may well be explained under (c). Illustrate by inquiring 
whether A = bh is different from A = hb, why the factors of 
any term may be written in alphabetic order, or the best plan 
for obtaining the sum of 2% + 3% + 4% or the product of 
97 X 4 X 25. 

Note z: From the beginning the pupil should be taught to form 
the habit of obtaining a rough check on his results by making an 
estimate of the answer in round numbers, or by asking himself 
" Is my result a reasonable answer to this problem ? "" 

2. Equations and Problems. 

(a) Equations of the type ax" == fe. 

(b) Translations of verbal statements into equations. 

(c) Problems, more easily and more systematically solved by 

algebra than by arithmetic. Finding one dimension of a 
rectangle given the area and other dimension. Finding 
the diameter or the radius of a circle given the circum- 
ference (by solving an equation like 3.14/?== 12"). 

3. Graphs and Negative Numbers. 

(o) Statistical graphs: school enrollment, growth of population, 
crops, or monthly profits and expenses. 

(b) Graphs of temperatures including readings below zero. 
Profile sections showing elevations above and below grade 
or water level. Simple questions, related to the graphs, 
involving negative and positive readings, increases and 
decreases, etc. 
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(c) Further illustrations of negative number: longitude and 
latitude, debts and assets, scoring in games, etc. 

4. Addition and Subtraction. 

(a) Addition. Bridge over from the addition of arithmetic by 

practice with denominate numbers. Besides the arrange- 
ment in columns emphasizes the collecting of like terms 
in such expressions as 

5x' — 7X + 2—X^ + 2X—l — Sx + x''. 

Horizontal addition and tabulation in arithmetic may be 
reviewed. Check all addition by numerical substitution, 
for the most part by replacing each letter by unity. 

(b) Subtraction. Making change; find what number added to 

the subtrahend would give the minuend. Check as in 
(a) and by addition. 

Note i: Difficulties in subtraction are best explained by refer- 
ence to graph work. 

Note 2: When doubt arise the numerical check is convincing, 
for instance : " How can — 4 be subtracted from -\- 7 and a dif- 
ference -{- II be obtained, greater than either of the numbers?" 
Let us answer by investing the difference between 12a + 7 and 
70 — 4, checking with 0=1: 

Example: 120 -|- 7 12 + 7=: 19 

7a— 4 7— 4 = _3 Check, letting a = i. 

16 

50+? S+?=i6 
Are you sure of the values 19 and 3, and that their diflFerence 
is 16? Then, if that is true, the answer Sa + 11 is correct, for 
any second term other than + 11 would fail to make 16. 
(<r) Parentheses. Signs of aggregation. Concentrate on ex- 
pressions of common occurrence such as (a — (6 — c)) 
or ((-«■ + My) — (•*■ — y)), giving few more complicated 
than these. 
Insertion of parentheses, e.g., to enclose the last three terms 
of a* — b^-{-2bc — c* in a parentheses preceded by a minus 
sign. Check by numerical substitution. 

Note: It is feasible to postpone all study of parentheses until 
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after multiplication, the minus sign before a parentheses being 
taken to indicate multiplication by minus one. 

(rf) Equations. (The following types in order {a, b, and c) rep- 
resenting arithmetical numbers) : 

( 1 ) The notation of an equation as a balanced pair of 

scales. Subtracting the same quantity from each 
member. Examine such obvious arithmetical 
equalities as $7 + $3 = $io, $3 = $io— $7. 

(2) ax -\-b = c. 

(3) X — 6=:=c and OA* — b = c. " Making up a short- 

age " axioms used informally. Law of transpo- 
sition discovered. 

(4) Equation with parenthesis. 

(5) A few problems, very simple in character. 

5. Multiplication and Division. 

(a) Multiplication. — Compares (3/-f2!) with 5 (3 ft.-t-2in.). 
Explain such examples as 3(2a — 5) by repeated addition, 

2a — 5 
2a — 5 
2a — 5 
6a — 5 

Thus getting the law that the product of two factors with unlike 
signs is negative. The law concerning like signs may be de- 
rived by multiplication (3^- — 2) by — 5 or by 2.v — 5 and see- 
ing which of the *^wo possibilities for the final term + 10 or 
— 10 would satisfy a numerical check with x^^4. 

In checking multiplication numbers greater than unity should 
usually be substituted, for with unity a mistake in exponents 
would not be revealed. The work may be limited to binomial 
multipliers and the product of two trinomials. 

(b) Special Cases of Multiplication. — Type products {a-\-b)^, 
(a + b)ia~b), (x + 5)(x + 2), (3.r-f-4) (2.V + 5). Rules 
for the first two types may well be committed to memory and 
the geometrical diagram for (a-\- b)" should be given. Squares 
of numbers such as 41, 65, an<l 5 J afford interesting applications 
of the rule. 
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Note: (n + J)* = «(n+ i) +i yields the well-known short 
method for the last two numbers. 

By the aid of a few leading questions simple and brief exer- 
cises in factoring may follow each type product. There are 
some objections, however, to a systematic study of factoring at 
this point, before equations and problems have received the early 
attention merited. 

(c) Parentheses with Multiplications. — Examples to contain 
additional practice with type-products. Examples such as 
{a-{-by{a-\-b) or (3a -f ;>:)", should not be omitted. The 
latter example is, of course, to be worked by ordinary multipli- 
cation, as the rule for the cube of a binomial is not studied. 

(d) Division. — To find what number multiplied by the di- 
visor would give the dividend. Limit the work to binomial 
divisors, excepting for two or three trinomials such as (o* -)- 2am 
-f-w* — P)-T-(o-j-w — k). Check by multiplication and by 
numerical substitution, taking care to avoid a zero value for the 
divisor. 

A little work should be given emphasizing remainders : 

1. Show that jr'-f-y is divisible hy x-^y. 

2. Show that there is a remainder when x^ + y^ is divided by 
x + y. 

3. Show that the remainder when x'^ — y' is divided by 
^ + y is — 2y . 

4. What is the remainder when is divided by ? 

(Postpone the sum of difference of two cubes as a special 

case until the factor theorem is studied in intermediate algebra, 
but along with examples similar to those here stated, passing 
mention may be made of the type.) 

Note: An admirable exercise when first teaching multiplica- 
tion or division is to place an arithmetical example along side a 
corresponding one in algebra, and compare figure by figure, e.g., 
divide 672 by 32 and 6t^ -\- yt -\- 2 hy ^t -\- 2. 

6. Equations and Problems. 

(a) Simple equations now more thoroughly studied. Equa- 
tions involving multiplication. Checks. 

{b) Symbolic representation, especially to represent with one 
unknown letter two numbers given their sum, diflference, product 
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or quotient, disguised in various wordings. Relate the algebraic 
representation to such arithmetical questions as "If the differ- 
ence of two numbers is 6 and the smaller number is 17, what is 
the larger ? " 

(c) Translation of verbal statements into algebraic equations, 
etc. Illustrations from arithmetic will always help. " State in 
the form of an equation that the sum of 13 and 25 is 38" or that 
"seven exceeds four by three," etc. Areas and perimeters of 
squares and rectangles, etc., e.g., "Write a formula for the 
perimeter, p, of a square in terms of its side ; " " Write a formula 
for the number of feet, /, in the length of any line in terms of 
the number of inches, i." 

(d) One-statement problems. One unknown number. 

(e) Two-statement problems. One statement to be used to 
express one of the required numbers in terms of the other, the 
remaining statement being translated into an equation. To make 
clear the method do the same problem two ways. 

(/) More complicated problems : number, money, uniform 
motion areas, etc. Some problems leading to identities such as 
" Show that the difference between the squares of two consecu- 
tive numbers is equal to the sum of the numbers." 

7. Factoring. 

The purpose of factoring explained. When is an expression 
in factored form? Illustrations. Note that factoring is of use 
in simplifying many mathematical computations, if care is taken 
to factor as much as possible before performing the calculations 
(e.g., under the first and fifth types below). 

I. Type form ax-\-bx. Common Monomial Factor. High- 
est Common Factor. 

The common factor sought is the highest common factor, 
which should be explained with examples from arithmetic. 

Perhaps this is the most important case in factoring. Exam- 
ples similar to the following may be given, either with or without 
concrete explanation : 

IID+IID, b + br, p + prt, vt—iat'' = ti?), 
looh -f 10* + M = /l + f -f- M + 9( ?) . 
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Brief studies may be made of : 

(a) Perimeters, P = 2/ + 20;=: — ? Construction of rectangles 

with compass. 

(b) Area of triangle. Paper cutting and folding will best ex- 

plain this, as it will (c) and (d). Construction of rec- 
tangles with altitudes. 

(c) Area of trapezoid, A = ibh -\- ^b^h = ? 
(<f) Surface of cylinder, 

S = 2irRh E = 2tR^ = 

T = 2wRh-{-2wR^=? 

2. Type form a? — 206 + i*. Perfect trinomial square. Ex- 
pressions which are not perfect squares should be scattered 
through the assignments, for otherwise the work of the pupil is 
likely to be superficial. 

Supplying a missing term in order to complete a square : 

jr* + iO;ir + ?, 4a= — ? -1- 49fc«. 

3. Type form x'^-\-px-\- q. Simple quadratic trinomial. 

4. Type form ax^-\-bx-\-c. General quadratic trinomial. 
Oftener called the " cross-products " case because of the method 
most successfully taught. (Schultze n" The Teaching of Mathe- 
matics in Secondary Schools.") 

It should be emphasized at this point that type forms No. 2 
and No. 3 are merely special cases of No. 4. 

5. Type form a? — V^. Difference of two squares. The econ- 
omy in computation which may be accomplished by factoring is 
well shown by examples concerning 

(o) The annulus or ring. 

^i?2_.^2 = ^(ie _^ y) {R—r). 

(b) Hollow cylinders or pipes. 

wR^h—rr%=,r(R + r)(R — r)h. 

Example: What is the weight of a 12-foot length of cast iron 
pipe 3 inches in external diameter, i inch thick, the weight of 
cast iron being ^ lb. per cubic inch? 

Solution: 22/7(18 -f- 17) (18— 17) (144) (i) 
= 22/7X35X1X36 
= 110X36 
= 3,960 lbs. 
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6. Polynomials by grouping, particularly 

(a) ax + ay + bx-{- by, " two and two." 

A binomial factor common to the two groups. 

(6) x" -\- 2ax -\- a' — y', "three and one." 

The difference of two squares, the first a trinomial 
and the other a monomial. 

Types 6 (o) and (b) require facility in removing and insert- 
ing signs of aggregation, and show in a striking way their use- 
fulness. 

Note j: It is suggested that the expressions to be factored 
should often be given in a haphazard order, needing rearrange- 
ment according to the powers of a letter. 

Note 2: Before completing the drill on each type of factoring 
a brief review is advisable covering examples of the types pre- 
viously studied, and simple two-step examples resulting in three 
or more factors. In first-year work it seems advisable to aid the 
pupil by stating with most examples of the latter sort the num- 
ber of factors expected. 

Note 3: The above scheme of factoring is comprehensive so 
far as concerns the product of any two binomials. For the rest 
the student may well be reminded that there is more to learn, in 
intermediate and college algebra. 

Note 4: The following directions constitute a plan of attack 
for factoring any expression: First remove any common fac- 
tors. Next count your terms. 

If there are two terms is it the difference of two squares? 

If there are three terms and you cannot factor it by inspection 
try the cross-product method. 

If there are more than three terms try to group them "two 
and two," type 6a, or "three and one," type 6b. 

(Concluded in next issue) 



